Abstract. For any smooth irreducible projective curve X, the gonality sequence {d r | r ∈ N} is a strictly increasing sequence of positive integer invariants of X. In most known cases d r+1 is not much bigger than d r . In our terminology this means the numbers d r satisfy the slope inequality. It is the aim of this paper to study cases when this is not true. We give examples for this of extremal curves in P r , for curves on a general K3-surface in P r and for complete intersections in P 3 .
Introduction
Let X be a complex smooth irreducible projective curve of genus g ≥ 4. If we understand by the degree of a rational map X → P r the product of the usual degree of the map onto its image times the degree of the closure of its image in P r , then, for any positive integer r, the invariant d r = d r (X) of X is defined to be the smallest number d such that X admits a nondegenerate rational map of degree d into P r . The invariant d 1 is the usual gonality of X. Therefore the sequence d 1 , d 2 , d 3 , . . . is called the gonality sequence of X.
For any curve and any r ≥ g, the numbers d r are known by RiemannRoch. Hence there are only finitely many interesting numbers in a gonality sequence. By Brill-Noether theory the whole sequence is known for general curves of genus g. Moreover it is known for smooth plane, hyperelliptic, trigonal, general tetragonal, general pentagonal and bielliptic curves (for the references see [10] and Proposition 4.2 below). Apart from that the knowledge on the numbers d r seems to be scarce. It is the aim of this note to give a first systematic investigation of these numbers.
Clearly the gonality sequence plays an essential rôle in the theory of special curves. Recently it turned out that it also is important for Brill-Noether theory of vector bundles on X. In fact, most of the proofs in [10] use how some of the numbers d r are related to each other. In "most" cases they satisy the inequality
It is true for all r and all the examples of curves mentioned above, apart from a few numbers r for smooth plane curves (see Proposition 4.3). We call it the slope inequality (for the gonality sequence) and it was the main motivation for us to find more counter-examples to its validity for all r.
In Corollary 4.6 we show that the slope inequality is violated for any r ≥ 2 and any extremal curve of degree d = 3r − 1 in P r . More generally, we prove that the curves of the following three classes do not satisfy all slope inequalities:
(1) extremal curves of degree ≥ 3r − 1 in P r (r ≥ 2; Theorem 4.13), (2) smooth curves of degree ≥ 8(r − 1) on a general K3-surface of degree 2(r − 1) in P r (r ≥ 3; Theorem 5.3), (3) smooth complete intersections of surfaces of degree s and p with 2 ≤ s ≤ p and p ≥ 4 in P 3 (Theorem 6.1).
Section 2 contains some preliminaries, mainly on extremal curves. In Section 3 we recall some results on the gonality sequence and prove some new ones. Section 4 contains the proofs of the above mentioned results concerning extremal curves, as well as some consequences and examples. Finally in Section 5 respectively 6 we prove the results on curves on a general K3-surface respectively on complete intersection curves in P 3 . Moreover, the case of complete intersection curves in P 3 is generalized to Halphen curves in P 3 .
Preliminaries
Let X denote an irreducible smooth projective curve of genus g ≥ 1 over the field of complex numbers. We recall Castelnuovo's genus bound, following [2] , [3] or [6] : Let g r d be a simple linear series on X such that d > r > 1, and let χ(d, r) denote the unique positive integer satisfying
Then we have for the genus g of X,
where we write d − 1 = χ(d, r)(r − 1) + ǫ with 1 ≤ ǫ ≤ r − 1. If the upper bound is attained, the g r d is complete and very ample and the curve X ⊂ P r is called an extremal curve.
If d < 2r, the g r d is non-special and we obtain π(d, r) = d − r. If 2r ≤ d < 3r − 1, one computes π(d, r) = 2d − 3r + 1. In particular we have π(d, r) < d for d < 3r − 1.
In view of Theorem 4.13 below we are interested in the set of genera of extremal curves of degree d ≥ 3r − 1 in P r . So let d ≥ 3r − 1. By definition of χ := χ(d, r) this is equivalent to χ ≥ 3, According to (2.1) χ divides π(d, r) if χ is odd, and
and for r = 2 we have
In particular, π(d, r) cannot be a prime number, and π(d, r) = 1, 4, 8.
We claim that π(d, r) = 14, too. This is clear for r = 2 and for r ≥ 3 we have π(d, r) ≥ χ 2 . So χ would have to be 7 for odd k and χ ≥ 4 for even k.
Now consider the set
Proposition 2.1. Let 3 ≤ g ∈ Z, g = 4, 8, 14. Then g ∈ C implies that g is odd with at most two different prime factors.
Proof. First we show that any even positive integer g = 2, 4, 8, 14 is in C.
In fact, for d = 3r − 1, r ≥ 2 we have π(d, r) = 3r = 6, 9, 12, · · · , for d = 4r − 2, r ≥ 2 we obtain π(d, r) = 6r − 2 = 10, 16, 22, · · · and for d = 4r − 1, r ≥ 3 we get π(d, r) = 6r + 2 = 20, 26, 32, · · · .
Next we prove the following assertion: Suppose g ≥ 3 is an odd integer which is not a prime number, and let p be the smallest prime divisor of g. If g ≥ 
Note that the assertion implies that any positive odd integer g with at least 3 (not necessarily distinct) prime divisors lies in C.
To prove the assertion, let g = p · α with p ≤ α ∈ Z. For an integer r ≥ 2 we can write
if and only if 2α
We can find such an integer r if and only if
and thus ⌊ 2α−2 p−1
⌉. So (2.2) implies that we can find an integer r we want, and if we set ǫ := α − p−1 2 (r − 1), we have
Setting d := p(r − 1) + 1 + ǫ, we can find an extremal curve of degree d in P r of genus g (with χ = p ≥ 3), i.e. g ∈ C. Obviously (2.2) is equivalent to 4α ≥ p(p + 1). So this proves the assertion.
We have already seen that the assertion implies that an odd positive integer g ∈ C can have at most two prime factors. Now if g = p 2 (p an odd prime), we may take an extremal space curve of degree d = 2p + 2. This curve has genus p 2 , showing that p 2 ∈ C. , then pq ∈ C by the assertion.
The paper [6] is somewhat difficult to obtain. So for the convenience of the reader we close this section by recalling two results of it on curves in P r of "sufficiently high" genus, which will be needed in the sequel. For the following result see [6, Teorema 2.11] . 
The second result is part of [6, Osservatione 2.19]. 
for any r;
+ r and for a general curve we have
Proof. Apart from (b) this follows from the Riemann-Roch theorem, the definition of the Clifford index and Brill-Noether theory. Proof of (b):
For specific curves, even of "small" genus, it is in general not easy to compute its gonality sequence. Proof. We have to show that for any d the set
Fix an integer n ≥ 3 and let M n g denote the moduli variety of curves of genus g with level-n structure. There exists a universal curve
of genus g with level-n structure (which we omit in the notation, since we don't need it). According to [8] , for any integer d the relative Picard scheme Pic
we denote by L x the corresponding line bundle on the curve C p(x) corresponding to the point p(x), where p : Pic
g denotes the structure morphism. Now it is well known that the function
Let L be a line bundle on C computing d r . Since p is a projective morphism, the specialization
The slope inequality
As an immediate consequence of Lemma 3.2 (a),(b),(c) we get the following proposition.
for a general curve X and any r, 1 ≤ r = g − 1.
We call the inequality (4. 5.5 ] that also hyperelliptic, trigonal, general tetragonal and bielliptic curves satisfy the slope inequalities. The following proposition shows that this is also true for general pentagonal curves. Proposition 4.2. For a general pentagonal curve X the gonality sequence is given by
⌋, ⌈ < r ≤ g − 1, r + g r ≥ g.
In particular, X satisfies the slope inequalities.
Proof. This follows from [14] and, for r > g− 1 5 , Serre duality and Riemann-Roch. The proof of the last assertion is an immediate computation.
For smooth plane curves we have however, So the slope ineqality (4.1) is not valid for these values of r.
Proof. Noether's Theorem [6, Theorem 3.14] says that
where α and β are the uniquely determined integers with α ≥ 1 and 0 ≤ β ≤ α such that
In particular we have
Moreover
is equivalent to
Remark 4.4. Note that the biggest r violating the slope inequality in Proposition 4.3 is
So in this case part (ii) of Proposition 4.1 is best possible. This is, however, the only case: If X is not a smooth plane curve, we always have
which implies that which is very ample, since otherwise the subtraction of two appropriate points of X would give us a g 1 d 1 −1 on X. Hence X is a smooth plane curve of degree d 1 + 1. Now let X ⊂ P r be an extremal curve of degree 3r − 1. We may assume that X is not isomorphic to a smooth plane curve. According to [3, Section III, Corollary 2.6 (iii)], X ⊂ P r is a semicanonical curve of genus genus g = 3r = d + 1 (see also [1] for these curves). Proof. For r = 2 this is a special case of Proposition 4.3. The only other case (see [3] ) where X may be isomorphic to a smooth plane curve is r = 5: a smooth plane septic is, by 2g 2 7 , also an extremal curve of degree 14 in P 5 . In this case the assertion is again a special case of Proposition 4.3.
So we may assume r ≥ 3 and X is not isomorphic to a smooth plane curve. According to [3, Section III, Theorem 2.5]) X lies on a rational normal scroll surface, whose ruling sweeps out a g Example 4.7. Let X be an extremal curve of degree 8 in P 3 . Then g = 9 and the gonality sequence of X is r 1 2 3 4 5 6 7 8 r ≥ 9 d r 4 7 8 11 12 14 15 16 r + 9
In particular, It is not difficult to see that, apart from smooth plane quintics, all curves of genus g ≤ 8 satisfy the slope inequalities.
There is a more general principle showing that the curves of Propositions 4.3 and 4.5 do not satisfy all slope inequalities, namely the simple (2) implies that dim(2g
is a special linear series, and we obtain
d ′ +2 which by dualization gives a g
of above complete the proof of the proposition. 
Since we know from the proof of Lemma 4.8 that
. Hence Lemma 4.8 cannot discover a violation of the slope inequality for numbers < g of the gonality sequence.
(ii) Lemma 4.8 implies that d ≥ 3r −1. In fact, we noted in Section 2 that g ≤ π(d, r) < d for d < 3r−1. Assume that we even have dim(g r
Assume that But one easily computes that
This implies that g > π(d, r) − m + 2 ≥ 2d + 1 − 3r, which is (2). 2 and so condition (2) in Lemma 4.8 just reads (a − 3) 2 > 0. Hence for a ≥ 4 Lemma 4.8 implies that a smooth curve of type (a, a) on Q does not satisfy all slope inequalities. Note that such a curve is a smooth complete intersection of Q with a surface of degree a ≥ 4 and it is an extremal space curve of degree 2a.
By Proposition 2.4 the curve X in Proposition 4.10 is a smooth curve of degree d on a surface of degree r − 1 in P r . In this case it is not difficult to compute d 1 (see [11] ). Recall that by Proposition 2.1 the genera of the curves of Theorem 4.13 cover a big subset of N.
The following example shows that a violation of the slope inequalities for members of the gonality sequence less than g is not restricted to smooth plane curves. with n ≥ 5, and n > 5 is impossible by [7, Corollary 2.4.3] . By Serre duality it suffices to show that d 4 = 14.
Assume that X admits a g Concerning the statement on the slope inequalities, according to Lemma 4.8 it is enough to show that d 2 = 11. So assume that X has a g gives rise to a g The curves fulfilling the hypotheses of Proposition 4.16 are good candidates for curves not satisfying all slope inequalities. We will demonstrate this in the next section.
Curves on a general K3-surface
We extended Corollary 4.6 to Theorem 4.13. Likewise, the curves of Example 4.15 generalize to a bigger class of curves not satifying all slope inequalities. We consider the following situation.
Proof. Let |L| be a g r d on X different from |H| X |. Since |L| computes γ, it is base point free and simple ( [7] ). Hence for a general divisor E in |L| there is a point p ∈ X in the support of E such that the divisor E − p is base point free. So Lemma 5.1 implies that E − p is contained in |H| X |. But by the General Position Theorem ([2, Theorem 4.1]), the greatest common divisor of E and any divisor in |H| X | has degree at most r. Since r < d − 1, we get a contradiction. Theorem 6.1. Let X be a smooth complete intersection of two surfaces of degree p and s with p ≥ s ≥ 2 in P 3 . Then X is a space curve of degree d := ps and genus g = 
